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A study of some Mathematical Models in Diagnosis and 

treatment of Cancer 

 

Present state of knowledge: 

Cancer is a group of diseases involving abnormal cell growth with the 

potential to invade or spread to other parts of the body. Not all tumors are 

cancerous; benign tumors do not spread to other parts of the 

body. Possible signs and symptomsinclude a lump, abnormal bleeding, 

prolonged cough, unexplained weight loss, and a change in bowel 

movements. While these symptoms may indicate cancer, they may have 

other causes. Over 100 types of cancers affect humans.  

The main types of treatment of Cancer comprise - Radiotherapy, 

Chemotherapy and Surgery. The study of cancers comes under Oncology, 

where mathematicians, scientists, doctors and other researches make new 

discoveries in the field. The cause of cancer is uneven and excess growth 

of abnormal cells in the body. It is one of the major causes of deaths in 

the world and a millions of people suffer from the various types of 

cancer, every year. In past, some evidences of cancer are found among 

fossilized bone tumors and human mummies. The history of the cancer 

started about 3000 BC before in Egypt. The Greek Physician Hippocrates 

(460-370 BC), the Father of Medicine, gave the word ‘Cancer’. A basic 

definition of cancer can be given as a class of disease characterized by 

uncontrolled growth of cell and invasion into surrounding tissues. 

According to the report of  ICMR of the year 2016[35], India is likely to 

have over 17.3 lakh new cases of cancer and over 8.8 lakh deaths due to 

the disease by 2020 with cancers of breast, lung and cervix topping the 

list. In 2016, the total number of new cancer cases is expected to be 
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around 14.5 lakh and the figure is likely to reach nearly 17.3 lakh new 

cases in 2020. Over 7.36 lakh people are expected to succumb to the 

disease in 2016 while the figure is estimated to shoot up to 8.8 lakh by 

2020. Data also revealed that only 12.5 per cent of patients come for 

treatment in early stages of the disease. Among females, breast cancer 

topped the list and among males mouth cancer, the study said. The 

northeast reported the highest number of cancer cases in both males and 

females. Aizawl district in Mizoram reported the highest number of cases 

among males while Papumpare district in Arunachal Pradesh recorded the 

highest number among females. "Cancer of breast with estimated 1.5 lakh 

(over 10 per cent of all cancers) new cases during 2016, is the number 

one cancer overall. Cancer of the lung is the next with estimated 1.14 

lakh (83,000 in males and 31,000 in females) new cases during 2016 and 

1.4 lakh cases in 2020. "Cancer of the cervix is the third most common 

cancer with estimated 1 lakh new cases in 2016 and about 1.04 lakh 

during 2020. Cancers associated with the use of tobacco account for 

about 30 per cent of all cancers in males and females," the ICMR said.  

Mathematical models can provide useful clues about the impact of 

surgery on metastasis, and may help to predict the risk of cancer spread, 

scientists report. The scientists generated a mathematical model using the 

key parameters of primary tumor size and metastatic spread based on data 

generated from laboratory models designed to mimic cancer's progression 

in humans. They used tumor cells engineered to express a luminescent 

marker, allowing for the tracking and quantification of these otherwise-

undetectable cancer cells.Over the past two decades, a number of 

mathematical and computational models have beendeveloped to study 

different aspects of angiogenesis that span the spatial and temporal 

scalesencompassed by this complex process. For example, models have 



been built to investigate howgrowth factors and receptors signal 

endothelial cell proliferation, how groups of endothelial cellsassemble 

into individual vessels, and how tumors recruit the ingrowth of whole 

microvascularnetworks. 

 A mathematical model can include one or more of the following 

approaches: 

One type of modeling approach is continuum-based modeling, where the 

system being modelled is approximated as a continuous series of entities 

or events. In continuum modeling, the individual parts are very similar to 

their nearest neighbour, and variation across the system is accounted for 

by gradual transitions lacking discontinuities. In the context 

ofangiogenesis modeling, continuum models ignore details of the 

constituents (e.g. cell-leveldetails) and new capillary growth. Continuum 

models are usually implemented by solvingsystems of differential 

equations that describe physical phenomena as being a continuousspread 

in space and/or time. 

Other types of models utilize a discrete approach, where the entities being 

modeled (e.g.endothelial cells) and their unique behaviours (e.g. 

proliferation) are explicitly represented.Discrete models consider 

increments of time and space as distinct entities and the objectswithin the 

environment as individual, unique units. Discrete models of angiogenesis 

often implemented by solving systems of differential equations at discrete 

locations (i.e.points on a 2-D grid) or by using computational algorithms 

where individual behaviors areexplicitly modeled according to logic 

algorithms using discrete event simulators (e.g. agentbasedmodeling). 

Stochastic modeling approaches use probabilities to define biological 

phenomena. Thesemodels explicitly accommodate the randomness 

associated with biological processes byusing probability distributions to 



dictate the probable outcomes of simulated events.Stochastic modelling 

assumes that random variation and fluctuation in the system dominatesthe 

overall behavior of the system.Deterministic models, unlike 

stochasticmodeling approaches, presume that later states ofthe system are 

determined by previous states of the system. In this way, 

deterministicmodels predict actual outcomes, and not just probable 

outcomes. In a deterministic model, ifall inputs are specified and the 

changes in the states of the system are prescribedaccordingly, the 

outcome will always be the same, unlike in a stochastic model 

whererandom variability will give rise to alternative outcomes. 

The type of modeling approach (or combination thereof) that is used to 

simulate a particularaspect(s) of angiogenesis, much like the spatial and 

temporal scale of the simulation, isusually selected based on the question 

that the model seeks to address and the types ofavailable data with which 

to construct the model. In this way, the type of modelling approach(s) 

utilized in a particular model is important, but certainly secondary to 

thebiological facets of the overarching study. 

Broad Outlines of the Work: 

De Pilliset. al. (2005) [1] presented a new mathematical model that 

described tumor-immune interactions, focusing on the role of natural 

killer (NK) and CD8+ T cells in tumor surveillance, with the goal of 

understanding the dynamics of immune-mediated tumor rejection. The 

model described tumor-immune cell interactions using a system of 

differential equations.  

P. Magniet. al.(2006) [2] presented A mathematical model for describing 

the cancer growth dynamics in response to anticancer agents 

administration in xenograft models is discussed. The model consists of a 

system of ordinary differential equations involving five parameters (three 



for describing the untreated growth and two for describing the drug 

action). They told that the tumor growth in untreated animals is modelled 

by an exponential growth followed by a linear growth. In treated animals, 

tumor growth rate is decreased by an additional factor proportional to 

both drug concentration and proliferating cells. They analysed highlights 

several interesting properties of this tumor growth model in this paper. It 

suggests also effective strategies to design in vivo experiments in animals 

with potential saving of time and resources.  

NaoyoNishida et. al. (2006) [3] developed a mathematical model which 

showed us that Angiogenesis is regulated by both activator and 

inhibitormolecules. The switch to the angiogenic phenotype involvesa 

change in the local equilibrium between positive andnegative regulators 

of angiogenesis. This signalling activatescertain genes in the host tissue 

that make proteins whichencourage the growth of blood vessels. 

McDougall  et. al. (2006) [4] presented a mathematical model which 

simultaneously couples vessel growth with blood flow through the 

vessels—dynamic adaptive tumour-induced angiogenesis (DATIA). This 

new mathematical model presents a theoretical and computational 

investigation of the process and highlights a number of important new 

targets for therapeutic intervention. The DATIA model is used to 

examine the effects of changing various physical and biological model 

parameters on the developing vascular architecture and the delivery of 

chemotherapeutic drugs to the tumour. Subsequent simulations of 

chemotherapeutic treatments under different parameter regimes lead to 

the identification of a number of new therapeutic targets for tumour 

management. 

Peirceet. al. (2008) [5] overviewed different types of mathematical and 

computational modelling approaches that have been employed in the 

study of angiogenesis and summarized an array of published models 



aimed at answering different questions relevant to angiogenesis-related 

processes. Their main focus of this review is to showcase how these 

models have contributed to either basic understanding of angiogenesis or 

improved design of angiogenesis targeted therapies. They also discussed 

some of the challenges associated with constructing and utilizing 

mathematical and computational angiogenesis models. 

Tosin (2009) [6]presented a multiphase mathematical model for tumor 

growth which incorporates the remodelling of the extracellular matrix and 

describes the formation of fibrotic tissue by tumor cells. They also 

detailed a full qualitative analysis of the spatially homogeneous problem, 

and studied the equilibrium of the system in order to characterize the 

conditions under which fibrosis might occur. 

Escher et al. (2010) [7]in their paper discussed a free boundary problem 

modeling the growth of non-necrotic tumors. They treatedtumor as an 

incompressible fluid, the tissue elasticity was neglected and no chemical 

inhibitor species were present. They re-expressed the mathematical model 

as an operator equation and by using a bifurcation argument.It was 

proved that there exist stationary solutions of the problem which are not 

radially symmetric.  

Kohlmann (2012) [8]presented a paper which deals with a free 

boundaryproblem, modeling the growth process of necrotic multi-layer 

tumors. Heproved the existence of flat stationary solutions and 

determined thelinearization of his model at such equilibrium. He 

computed the solutions ofthe stationary linearized problem and comment 

on bifurcation. 

Dixit et al. (2012) [9]developed a modeling framework for studying 

avascular tumor growth with the effect of dose of the Adriamycin. The 

numerical simulation mainly involved the study of the effects on tumor 

cell survival of the dimensionless parameter which encapsulates the 



extent of penetration of the drug. The simulation emphasized that drug 

penetration was a crucial factor in determining drug effectiveness. The 

growth of tumor in a spherical shape had been examined in order to 

describe the initial stages. They had introduced a tumor cell energy model 

and used tumor cell density with the effect of Adriamycin to describe the 

movement of tumor cells. Their numerical results suggested that the 

tumor cell density decreases with the effect of Adriamycin. They 

observed for different values of effect of Adriamycin. The tumor cell 

energy decreases with the effect of Adriamycin because tumor cell energy 

fully depends on the tumor cell density. 

Cui (2013) [10]concerned with a multi-dimensional free boundary 

problem, modeling the growth of a tumor with two species of cells: 

proliferating cellsand quiescent cells. That free boundary problem has a 

unique radial stationary solution. By using the Fourier expansion of 

functions on unit sphere via spherical harmonics, he established some 

decay estimates for the solution of the linearized system of that tumor 

model at the radial stationary solution, so that proving that the radial 

stationary solution is linearly asymptotically stable when neglecting 

translations. 

Agarwal  et al. (2014) [11]proposed and analysed a nonlinear 

mathematical model to study the interaction between tumor and immune 

cells. They extended the model by the inclusion of an intracellular delay 

effect. Stability of the steady states of both model systems without and 

with delay was determined.  

Bhattacharjee et al. (2014) [12]proposed a new statistical method on 

delay differential equation for growth rate modelling. They compared this 

method with two conventional approaches, illustrating the application on 

mice tumor growth data. Significant drug treatment effect is observed 



through different methods. Their method can be applied in tumor growth 

data. 

Bodnaret. al. (2016) [13] proposed a family of angiogenesis models that 

is a generalisation of the Hahnfeldt et al. model. Considered family of 

models consists of two differential equations with distributed time delays. 

The global existence and the uniqueness of the solutions are proved. 

Moreover, the stability of the unique positive steady state is examined in 

the case of Er-lang and piecewise linear delay distributions. Theorems 

guaranteeing the existence of stability switches and occurrence of Hopf 

bifurcations are proved. 

Timalsinaet. al. (2017) [14] proposed a new mathematical modeling 

framework based on partial differential equations to study 

tumorvirotherapy with mediated immunity. The model incorporates both 

innate and adaptive immune responses and represents the complex 

interaction among tumor cells, oncolytic viruses, and immune systems on 

a domain with a moving boundary. Using carefully designed 

computational methods, they conducted extensive numerical simulation 

to the model. The results allowed them to examine tumor development 

under a wide range of settings and provide insight into several important 

aspects of the virotherapy, including the dependence of the efficacy on a 

few key parameters and the delay in the adaptive immunity. Their 

findings also suggest possible ways to improve the virotherapy for tumor 

treatment.Vilanovaet. al. (2017) [15] discovered that the complexity of 

tumor-induced angiogenesis makes it very difficult to derive a theory 

with predictive capabilities in a wide range of situations. They believed 

that significant progress in tumor angiogenesis research can be made by 

deriving models that aim at understanding particular mechanisms in 

simple, but concrete experimental setups. They hoped this manuscript 

provides a starting point to move in this direction and to derive useful 



models that respond to relevant biological questions. Computational 

modeling will not establish itself firmly in tumor angiogenesis research 

unless the models are rigorously validated with experimental data. They 

said that inversion methods, Bayesian statistics, and machine learning 

will play a significant role in this endeavour.  

Wilkieet. al. (2017) [16] presented a mathematical model to investigate 

the role of tumor-promoting inflammation, an emerging hallmark of 

cancer (Hanahan andWeinberg 2011)[17], for cancer–immune 

interactions. Model simulations suggest that two types of inflammatory 

responses (pro-tumor or antitumor) resolve into two fundamentally 

different classes of outcomes, where inflammation-enhanced tumor 

progression results in either a decreased tumor burden, as in the antitumor 

case, or an increased tumor burden, as in the pro-tumor case. Thus, near- 

and long-term responses of a tumor to immune interaction may be 

opposed; that is, a response dynamic that appears to promote growth in 

the near term may be superior at curtailing growth in the long-term, even 

to the point of establishing dormancy, while the other allows for tumor 

escape. Indeed, such seemingly contradictory dynamics (tumor burden 

decrease only following an initial increase) have been reported following 

immunotherapy (Wolchok et al.2009)[18] and a lack in understanding of 

the cause of such non-intuitive cancer–immune dynamics contributed to 

the early failures of immunotherapy trials (Hoos 2012)[19].  

 

Objectives of the present work: 

 To develop a model that will help in controlling the critical situation 

of disease. 



 To develop our own generalized mathematical model of angiogenesis 

cancer, which incorporates several key elements of the growth 

processes and the effect of their mutual interactions. 

 To investigate, in co-operation with clinicians and research 

oncologists, mathematical models with the goal of better 

understanding how the various aspects of growth and treatment 

interact with one another. 

 To employ numerical optimal control methods to search for treatment 

protocols that, in theory, are improvements to the standard protocols 

in use today. 

 To develop a new mathematical theory or techniques with the help of 

modeling. 

 To analyze current data from real phenomena and draw a sound 

conclusions about the underlying process using the results from their 

understanding of mathematics and statistics. 

 To analyze how mathematics, statistics and computation to be used in 

an integrated way to study the biological problem. 

Work Plan and Methodology: 

In this research, the useful sources are: 

1. Some mathematical techniques, which include ordinary differential 

equation, partial differential equation, difference equation, matrix, 

operation research, delay differential equation, integro-differential 

equation, diffusion equations and diffusion- reaction equations etc. 

2. Computer techniques, which include MATLAB to solve the typical 

calculation of the model. 

3. (i) National Medical Library and different medical institutes like 

AIIMS, New Delhi, SMS Jaipur etc. 



(ii) Digital Library and Digital lab, Dept. Of Mathematics, IBS Khandari, 

Dr. B.R.A. University, Agra. 

4. The following steps are taken in the research work: 

(i)  Study of the literature to learn more about the cancer 

(ii)  To visit to the Library or Hospital or Clinic for data collection 

(iii) To learn how to create a new model 

(iv)  To learn MATLAB software to solve governing equation system 

(v)  Implement or improvement of mathematical modeling using different 

techniques to formulate the model and solve it. 

 

5. I have studied few models in order to understand modelling and I shall   

use some of them in my research. 

 

I. Orme and Chaplain [20, 21] developed this model and in this 

model, endothelial cells can migrate chemotactically and following 

a concentration   gradient of fibronectin through the ECM. This 

work studies the importance of haptotaxis versus chemotaxis and 

the role of fibronectin in haptotaxis. Furthermore, by altering the 

parameters of the model, they analysed different anti-angiogenic 

strategies. Anderson and Chaplain [22] developed a model to prove 

an experimental observation: If endothelial cells do not proliferate, 

angiogenesis does not reach the tumor and it fails to deliver the 

nourishment. Itwas a one-dimensional model including chemotaxis 

and haptotaxis, which was subsequently extended to two 

dimensions in the first part of [23]. This model has three variables 

that represent the concentration of three species: tip endothelial 

cell, n; fibronectin, f; and a general tumorangiogenic factor, c. The 

variables are governed by the following partial differential 

equations: 



 
𝜕𝑛

𝜕𝑡
= 𝐷𝑛∆𝑛 − ∇.  

𝜒𝑜𝑘1

𝑘1 + 𝑐
𝑛∇c − ∇.  𝜌𝑜𝜂∇f                               ……… . . (1) 

 

 
𝜕𝑓

𝜕𝑡
= 𝜔𝑛 −  𝜂𝑛𝑓                                                                              ………… (2) 

 

 
𝜕𝑐

𝜕𝑡
= −𝜆𝑛𝑐                                                                                       ……… . . . (3) 

 

where 𝐷𝑛 , 𝜒𝑜 , 𝑘1, 𝜌𝑜 , ɷ, ɳ, and𝜆 are parameters. The three terms on 

the right hand side of Eq. (1) incorporate three different kinds of tip 

endothelial cell motion: random motility, chemotaxis, and haptotaxis, 

respectively. Tip endothelial cells also produce and consume 

fibronection, as modeled by Eq. (2), and consume tumorangiongenic 

factor, as modeled by Eq. (3). The authors performed several 

simulations in 2 mm × 2 mm square domains that simulateda piece of 

corneal tissue. Initially, they placed three tip endothelial cells on the 

left hand side of the domain, a rightwards decreasing fibronectin 

gradient, and a rightwards increasing gradient of tumorangiogenic 

factor. This model generated results in qualitative agreement with 

experiments. 

 

II. Model for Angiogenesis cancer: 

Let consider the family of the angiogenesis models that consists of 

two differential equations in the following form 

𝑑

𝑑𝑡
𝑝(𝑡) = 𝑟𝑝 𝑡 ℎ  

𝑝 𝑡−𝜏1 

𝑞 𝑡−𝜏1 
                            ………………..(1) 

𝑑

𝑑𝑡
𝑞(𝑡) = 𝑞 𝑡  𝑏  

𝑝 𝑡−𝜏1 

𝑞 𝑡−𝜏1 
 
𝛼

− 𝑎𝐻𝑝
2

3  𝑡 − 𝜇   ………(2) 



Where variables p(t) and q(t) represent the tumour r volume at time t, 

and the maximal tumour size for which tumour cells  can be nourished 

by the present vasculature. Thus, the ratio p/q is interpreted as the 

measure of vessels density. The function h reflects dependence of 

tumour growth rate on the vascularisation. We assume h is decreasing. 

In the literature, in the context of this model, it is usually assumed that 

the tumour growth is governed by logistic, generalised logistic or by 

Gompertzianlaw[24,25]. The parameter r reflects the maximal tumour 

growth rate. The delays 𝜏1 and𝜏2 present in the system represent time 

lags in the processes of the tumour growth and the vessels formation, 

respectively. Moreover, it is assumed that the population of the 

endothelial cells depends on both: the stimulation process initiated by 

poorly nourished tumour cells and the inhibiting factors secreted by 

tumour cells causing the loss of vessels. The parameter α reflects the 

strength of the dependence of the vessel dynamics on the ratio p/q. 

Parameters 𝑎𝐻and b are proportionality parameters of inhibition and 

stimulation of the angiogenesis process, respectively. We consider two 

processes, of which one appears on the surface of a sphere and the 

other inside the sphere, and due to the spherical symmetry assumption 

we suppose that the ratio of the surface process  depends 

proportionally to the tumour surface and it is represented by the 

exponent 2/3. Thus, the term −𝑎𝐻𝑝
2

3  𝑡  appears in Eq.(2). In this 

model  the spontaneous loss of functional vasculature is represented 

by the term −μq(t).  

Impact and utility of proposed work 

Under the synopsis entitled ‘Mathematical Modeling in cancer 

research: Diagnosis and its treatment’, the work is an attempt to 

explore myriad of mathematical models to medicate the cancer 



disease. Today, millions of patient in the world suffer due to cancer 

and this work throughMathematical models will provide useful clues 

about the impact of surgery on metastasis, and may help to predict the 

risk of cancer spread, scientists report. Mathematicalmodeling is very 

important tool to sort out the problem of cancer. It provides the 

numerical based information about each stage of patients, which is 

easily understandable. Through it, by using the different parameters 

for the different models, which affect the cancer modeling are 

discussed and verified with the models. 
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